Nonlinear sloshing of an incompressible fluid with irrotational flow is analyzed. The fluid partly occupies a smooth tank with walls having non-cylindrical shape. No overturning, breaking and shallow water waves are assumed. Nonconformal mapping technique by Lukovsky (1975) is developed further. It assumes that tank's cavity can be transformed into an artificial cylindrical domain, where equation of free surface allows both normal form and modal representation of instantaneous surface shape. Admissible tensor transformations have due singularities in mapping the lower (upper) corners of the tank into artificial bottom (roof). It leads to degenerating spectral boundary problems on natural modes. The paper delivers the mathematical background for these spectral problems and establishes the spectral and variational theorems. Natural modes in circular conical cavity are calculated by variational algorithm based on these theorems. It is shown that the algorithm is robust and numerically efficient for calculating both lower and higher natural modes. Finally, the paper shows that the well-known infinite-dimensional modal systems by Lukovsky (derived for sloshing in cylindrical tank) keep invariant structure with respect to admissible tensor transformations (for translatory motions of the vehicle). This makes it possible to offer the simple derivation algorithm of nonlinear modal systems for the studied case. When using anzatz by Lukovsky we derive the five-dimensional modal system for nonlinear sloshing in circular conic tanks.
Introduction
A fluid occupying partly a moving smooth tank performs large amplitude wave motions (sloshing) associated with mobility of its free surface relative to a hydrostatic equilibria. The model of "frozen" fluid is not applicable in this case. Very long time simulations are needed to obtain statistical estimates of the fluid cargo response. Complex transients should be accounted for. ically derived from potential theory of perfect incompressible fluid. Examples of direct numerical simulations by this evolutional boundary problem have been documented in reports [1, 2] . They use various CFD approaches. A difficulty lies in performing long time simulations of large amplitude sloshing in smooth tanks. CFD methods fail after a few seconds of real time simulations; they are also not able to describe steady-state motions. One of the reasons is difficulty in satisfying volume (energy) conservation. The long time simulations yield then non-realistic flows. There is also an additional problem of describing accurately fluid impact inside the tank (see the survey on this topic by Faltinsen & Rognebakke [3] ). Analytical or numerical-analytical approaches should be developed instead. Most of them use combined asymptotic and modal technique (see detailed survey by Faltinsen et al. [4] ). Modal representation means that Fourier series with time dependent coefficients (modal functions) are used to describe the free surface evolution. The surface shape is mathematically expressed as
where Oxyz reference frame is rigidly fixed relative to the tank and t is time. Representation (1) means that modal modeling neglects overturning and breaking waves. The representation is also inapplicable for shallow water waves (see the analysis by Faltinsen & Timokha [5] ).
The set of functions {f i (x, y)} is a Fourier basis on mean (equilibrium) free surface Σ 0 . Spectral theorems of linear sloshing theory (proved for instance in monograph by Feschenko et al. [6] ) establish that suitable Fourier basis is the set of natural modes. There is a limited class of tank shapes, where the spectral problem for natural modes has analytical solutions. Examples are two-or threedimensional rectangular tanks and vertical circular cylindrical tanks. Then representation (1) gives a general solution of linear sloshing problem. When assuming the generalized coordinates β i (t) to be sufficiently small within the known inter-modal relationship, the Fourier series (1) becomes also the base for some asymptotic approaches. They reduce the original free boundary problem to a finite sequence of asymptotic approximations in β i . The asymptotic procedure assumes typically the single (dual) dominant modal functions corresponding to standing waves by lowest natural modes. Some asymptotic procedures were proposed by Narimanov [7] . Moiseyev [8] , Faltinsen [9] and Dodge, Kana & Abramson [10] . They used to introduce various asymptotic inter-modal relations the most known one from them is the Moiseyev's detuning. It leads to cubic secular equations in terms of amplitudes of primary (lowest) natural modes. The perturbation method is one way to obtain a small-dimensional modal systems (system of nonlinear ordinary differential equations) coupling generalized coordinates β i (t) or their averaged values (for resonantly excited waves). We refer interested readers to surveys on this topic written by Lukovsky [11] , Lukovsky & Timokha [12] , Solaas & Faltinsen [13] and Faltinsen et al. [4] . These nonlinear modal systems have 1-2 degrees of freedom coupling the primary dominants. Since these derivations need a considerable set of analytical manipulations increasing exponentially with desired dimension of the modal system, the asymptotic multimodal systems can doubtedly be reached in this way. The variational technique simplifying the derivations was independently introduced by Lukovsky [14] and Miles [15] . It is grounded on the equivalent variational statements in form of either Hamilton -Ostrogradsky or Bateman -Luke principles (see fundamental works by Bateman [16] , Luke [17] , Berdichevkii [18] , Whitham [19] and some generalizations proposed by Beyer et al. [20] ). The equivalence being proved within normal representation of free surface x = f (y, z, t) validates the nonlinear multidimensional modal systems by Lukovsky [11] , Limarchenko & Yasinsky [21] and Faltinsen et al. [4] .
The multimodal modeling is robust and time efficient. It was demonstrated by Lukovsky [11] , Limarchenko & Yasinsky [21] , Lukovsky & Timokha [12] , Faltinsen et al. [4] and Faltinsen & Timokha [5] for different situation, even if fluid amplitude response is in order to the tank breadth. With the increase of the number of modes and accounting for secondary resonance phenomena it can be adopted for simulations of realistic fluid flows and for modeling different "liquid -structure" problems. It can also be expanded onto the case when linear sloshing problem has no analytical solutions and the modes f i of Eq. (1) are approximated by a numeric-analytical method. Appropriate methods were developed by Feschenko et al. [6] , Lukovsky [11] and Solaas & Faltinsen [13] . Moreover, the vital condition that the tank has vertical walls near the free surface in the equilibrium position remain. This normal representation is however questionable when the tank has non-cylindrical shape near mean free surface. Then the modes in Eq. (1) have time-varied domain. This makes modal approach inapplicable even for linear problems. The actual wave motions near the walls can then not be described.
This paper examines the problem on nonlinear sloshing in a smooth tank when its walls differ from cylindrical shape. It develops the non-conformal mapping technique by Lukovsky [22] further. This technique assumes that the original tank's cavity can be smoothly transformed into a cylindrical domain in a curvilinear coordinate system (z 1 , z 2 , z 3 ), where the equation of free surface allows the
The nonlinear free boundary problem is transformed to an equivalent tensor form as well. Further, f * can be expanded in Fourier series
where f i are the transformed natural modes, which should be found via a numerical-analytical method. Lukovsky [22] has applied to this problem the Narimanov's asymptotic scheme and derived single-dimensional nonlinear modal approximations of nonlinear sloshing in conical and spherical tanks describing evolution of the primary resonantly excited standing wave. The lowest natural tone was found numerically by expanding in harmonic polynomials series with utilizing the variational method by Feschenko et al. [6] . Furthermore, Lukovsky [11] and Lukovsky & Timokha [12] generalized this method. They constructed two-dimensional modal system modeling the nonlinear interaction of longitudinal and transversal dominant standing waves in a conical tank. These systems, however, do not satisfactory simulate the realistic nonlinear sloshing. This is due to neglecting the higher modes.
The coupled purpose of this paper is to generalize variational methods for spectral problems of linear theory formulated in the curvilinear system and to get a multidimensional nonlinear modal system in the artificial cylindrical domain. Since admissible tensor transformations imply due the singularities in mapping lower (upper) corner points into artificial bottom (roof), the energetic (variational) formulations of the transformed spectral problem for linear sloshing needs verification. The paper delivers a mathematical background for this spectral problem and establishes the spectral and variational theorems in suitable weight Sobolev spaces. A variational algorithm using these theorems is developed for artificial spectral boundary problem corresponding to linear sloshing in a vertical conical tank. It is robust and numerically efficient. Approximate solutions give higher accuracy relative to known algorithms by Feschenko et al., [6] , Lukovsky & Bilyk [23] , Lukovsky, Barnyak & Komarenko [24] , Bauer [25] , Bauer & Eidel [26] applied to the original spectral problem. We found out that the infinite-dimensional modal systems by Lukovsky [11] and Faltinsen et al. [4] save invariant structure with respect to admissible tensor transformations (in the case of translatory motions). This makes it possible to offer a simple derivation algorithm of nonlinear modal systems. We use modal anzatz by Lukovsky [11] and derive the five-dimensional modal system for nonlinear sloshing in conical tanks. The assumed inter-modal relationship is consistent with the Moiseyev's detuning asymptotics. This system couples two lowest primary modes, which are suggested to be dominants, and three secondary modes.
Statement of the Problem
We consider wave motions of an incompressible perfect fluid occupying partly a rigid mobile tank Q of a vehicle (see Fig. 1 ). The motions of the vehicle are described in an absolute Cartesian coordinate system O x y z by pair of time-varied vectors v O (t) and ω(t). They imply its instantaneous translatory and angular velocities. The fluid flow is described in a non-inertial Cartesian system Oxyz rigidly fixed with the tank. Since any absolute position vector r (t) = (x , y , z ) can be decomposed into the sum of r O (t) = O O and the relative position vector r = (x, y, z), the gravity potential depends on the spatial coordinates (x, y, z) and time t as
where g is the gravity acceleration.
We assume irrotational potential fluid flows and introduce the velocity potential Φ(x, y, z, t). The following free boundary problem (derived, for instance, in monographs by Narimanov, Dokuchaev & Lukovsky [27] and Lukovsky [11] ) couples Φ(x, y, z, t) and the instantaneous free surface shape defined by the equation ξ(x, y, z, t) = 0
where S(t) = ∂Q(t) ∩ ∂Q is the wetted walls and bottom, ν is the outer normal.
The dynamic boundary conditions (7) was derived using the Lagrange -Cauchy integral rewritten in moving reference frame Oxyz (see discussion by Kochin, Kibel & Roze [28] )
The pressure p on Σ(t) is assumed to be equal to p 0 = const. The integral condition (8) implies the solvability condition of the Neumann boundary value problem (4) -(6).
The evolutional free boundary problem (4) - (8) should be completed by the initial Cauchy conditions. They define the initial surface shape Σ(t 0 ) and the normal velocity on Σ(t 0 )
where ξ 0 (x, y, z) and Φ 0 (x, y, z) are the known functions.
Admissible Tensor Transformations
Let Q be tank's cavity considered in the Cartesian parameterization and with piece-smooth boundary, see the mathematical definition given for instance by Aubin [29] ) and define the following direct and inverse tensor transformations
with the positive defined Jacobi matrices (on the closuresQ andQ * ) degenerating in a limited number of isolated single-connected sub-boundaries of ∂Q * , Here,
and isolated singular points on the boundary ∂Q, where J(x, y, z) = 1/J * = ∞. These singular points are bound away from the mean free surface Σ 0 : x =h.
In this paper we pose the plane Oyz to be tangent to ∂Q so that x ≥ 0 for (x, y, z) ∈ Q and h is the maximum mean (hydrostatic) fluid depth. The plane Oz 2 z 3 is superposed with an artificial bottom of Q * as it is shown in Fig. 2 . 
Singular Points in Tensor Transformation of a "Cocoon"-Shape Domain.
It is desirable to avoid the singularities in the tensor transformations (11) . They cannot however be avoided for tanks of "cocoon" shape. This is due to the local upper and lower corner points transformed into the artificial planar bottom and roof. This situation is depicted in Fig. 2 for the axial-symmetric domain
and tensor transformation
Transformation (13) and its inversion
Jacobi matrices (and, therefore, Jacobian)
(J = 1/J * > 0) interior of Q and Q * . However, J * is due equal to zero on the bottom and the roof (4) - (8) is the necessary extrema condition of the following functional:
Tensor Transformation of the
subject to test functions
The Bateman -Luke principle uses the pressure integral Lagrangian (see the surveys by Lukovsky & Timokha [12] and Faltinsen et al. [4] ), where the pressure is given by the Lagrange -Cauchy integral (9) . The admissible time-independent tensor transformations keep invariant both this Lagrangian and the Bateman -
within a metric tensor
saving the original spatial metrics
Here, Q * (t) is the transformed domain Q(t);
and (v 0 + ω × r) * denotes the projection on unit vectors of curvilinear coordinate system; {g ij } is the covariant tensor to {g ij }.
Modal System for Translatory Body Motions.
When assuming natural parameterization of free surface (2) 
where
} are complete sets of functions on mean surface Σ * 0 and in Q respectively. After substituting Eqs (21) - (21) into variational problem δW * = 0 and performing the invariant derivation procedure by Lukovsky [11] proposed for cylindrical domain we get the following modal system
coupling the generalized coordinates R n (t) and β i (t) included implicitly by integrals
Linear Sloshing
The problem for sloshing in an immobile (v = ω = 0, cylindrical tank can be linearised relative to hydrostatic equilibria. Normal representation of free surface is then one of requirements of the linearisation. The procedure suggests (in the (z
and pursues the problem correctly to O(ε). When doing this and setting
we get the following spectral problem on natural sloshing with spectral parameter κ on Σ *
0 is the mapping of tank's surface contacting with equilibrium fluid shape; Σ * 0 is the transformed mean fluid surface. In addition, we have denoted
coordinates; Γ l kl are the Christoffel symbols:
Whereas J * > > 0 in the closureQ * 0 , the spectral problem (26) is isomorphically equivalent to the well-known spectral problem 
In addition, for smooth functions ϕ
are isometrically equivalent as closures in equivalent metrics. Eqs (28) and (30) hold true for smooth functions, therefore, the metric spaces have the equivalent scalar product (28) .
The following derivation line proves the Green's formula (31)
Theorem 2.
The spectral boundary problems (26) and (27) are equivalent on admissible precompact sets
Proof. Let us consider the operator T * defined by the Dirichlet -Neumann problem
The spectral problem (26) has then the following operator statement
and, duly Eq. (31), the variational problem
which is equivalent to
Spectral Problem for Axially Symmetric Tanks.
When tank has rotational shape the spectral boundary problem (27) can be reduced to an infinite series of 2D spectral boundary problems in meridional cross-section G via transformation to the cylindrical coordinate system
combined with separation of angular variable These spectral problems are as follows
where L 0 and L 1 are the bounds of G as it is shown in Fig. 3 and ν is the outer normal to L 1 , of which the mathematical expression considers with defined above for the original problem (27) . The boundary condition at z 2 = 0 changes to boundedness condition because the governing equation degenerates at x 2 = 0. The last integral condition of Eqs (27) is automatically fulfilled for m = 0. It should however be required for m = 0. The theory for spectral problems (35) is given by Feschenko et al. [6] and Lukovsky, Barnyak & Komarenko [24] . The spectrums of these problems complete together the spectrum of the original problem (27) .
The domain G allows the tensor transformation
mapping it into rectangle G * as shown in Fig. 3 , where
This transformation can have a singularity at the corner point O causing its mapping into the boundary L * 2 . Then the spectral problems take the following form:
3.3 Spectral Problems for a Circular Conical Tank. We consider the spectral problem for linear sloshing in a vertical circular conical tank of an angle 2α as shown in Fig. 4 . The origin O is located in the corner, the Ox-axis is directed upward and superposed with axis of symmetry. The wall is described by the equation x = cot α y 2 + z 2 . The mean free surface x = h = x 10 has the circular shape of radius r 0 = h tan α and relates to the maximum static fluid depth h.
A series of spectral boundary problems (37) obtained from Eq. (27) by amounting tensor mapping (33) -(36)
takes the following form
Some auxiliary formulas are presented in Appendix A.
Modal Modeling of the Sloshing in a Circular Conical Tank

Numerical and Analytical Solutions of the Spectral Problems. Whereas v (m)
k (x 2 ) satisfy the equation
k (x 2 ) are analytical solutions of the governing equation (40). If k is an integer number, the set {v 
We pose approximate solutions of the spectral problem (40) -(43) by the sums in w 
The unknown coefficients a (m) k can be found from the variation equation
derived from Eq.
(32). It reduces Eqs. (40) -(43) to the spectral matrix problem det |α
where α (m) ij and β (m) ij (taking into account ∂w
can be reduced to the following simple analytical expressions:
Matrix spectral problem Eq. (47) has a set of eigenvalues, the number of which depends on the dimension q in anzatz Eq. (45). For any m these eigenvalues κ mn will be posed in ascending order by index n = 1, 2, . . . The eigenvalues and eigenvectors of Eq. (47) imply the natural frequencies (σ mn = √ gκ mn ) and natural modes
defined by the spectral problem (26) . The natural surface modes are calculated by
The set of functions {f mn } is complete in L 2 (Σ * 0 ). The Fourier series in f mn with time-varied coefficients (21) determines an evolution of free surface. The velocity potential can be expanded in Fourier series by ψ mn (x 1 , x 2 , x 3 ).
Proposed variational algorithm is robust and numerically efficient. Its convergence is demonstrated in Table 1 . This convergence can hopefully be improved by accounting that the boundary condition (41) k (x 1 , x 2 ) in anzatz (45) fulfills the Neumann boundary condition along the walls over mean free surface. Nonlinear modal theory by Lukovsky [11] requires typically zero-Neumann boundary condition to be expanded below and above the contact line.
Nonlinear Modal System.
We use the five-modes anzatz by Lukovsky [11] 
to approximate surface shape and velocity potential. Similar five-mode approximation was validated for sloshing in a circular cylindrical tank. The argumentation is based on the Moiseyev's detuning assumption [8] . It sets up a preference for lowest natural modes (modal functions r 1 , R 1 and p 1 , P 1 ). Other modal functions are assumed to have the second order as follows
where measures the amplitude of sway harmonic excitation relative to max(x 10 , x 20 ). According to the Moiseyev's detuning procedure the secular (modal) equations should be asymptotically truncated by the terms O( ). After inserting Eqs (52) and (53) into the general modal system (23) - (24) and pursuing (54) we get correctly to O( ) the following nonlinear modal system coupling p 1 , r 1 , p 0 , r 2 and p 2 (derivation is in some details described in Appendix B) 
Eqs (55) - (59) differ from modal equations derived by Lukovsky [11] for circular direct cylinder. They contains additional terms associated with the "geometrical" nonlinearity.
Conclusions
Nonlinear sloshing of an incompressible fluid is analyzed in context of potential theory. The fluid occupies partly a smooth moving tank with walls having non-cylindrical shape. No overturning and breaking waves are assumed.
1. Non-conformal mapping technique by Lukovsky [22] is developed further. An admissible class of tensor transformations is defined. It images the tank's cavity into an artificial cylindrical domain, where the equation of free surface allows normal form. This makes it possible to expand this equation in Fourier series by natural modes transformed into the introduced curvilinear coordinate system. The Fourier coefficients are time-varied functions (modal functions).
2. The admissible tensor transformations have due the singularities in mapping the lower (upper) corners into artificial bottom (roof). The mathematical theory of spectral problems of linear sloshing theory in artificial cylindrical domains is constructed. It accounts for possible degenerating the governing Beltrami -Laplace equation and boundary condition on some bounds, which are pre-images of the singular points. Spectral and variational theorems establish that original and transformed spectral boundary problems are isomorphically equivalent in suitable weight Sobolev spaces.
3. The well-known infinite-dimensional modal system by Lukovsky [11] (derived for sloshing in cylindrical domain) keeps its invariant structure with respect to admissible tensor transformations, when vehicle performs translatory motions. It can therefore be used for derivation of a multidimensional modal system accounting for complex inter-modal interaction of lowest (primary) and higher tones. A requirement is a high accuracy algorithm for calculating higher modes in the curvilinear parametrisation.
4. The spectral problem on natural modes in circular conical tanks has no analytical solutions in both Cartesian and curvilinear parametrisation. The transformed governing equation allows however a set of polynomial solutions, which are hopefully the complete system of function. When using it as the basis we follow the proved variational formulation to get an algorithm for approximation of higher modes. This algorithm is more preferable with respect to older direct methods by Bauer, Lukovsky and Bauer & Eidel. It is robust and numerically efficient.
5. After calculating the natural modes we utilize the anzatz by Lukovsky in order to derive the multidimensional modal system for nonlinear sloshing in conic tanks. This anzatz includes the five lowest natural tones. It is consistent with the Moiseyev's detuning asymptotics. This asymptotics assumes two coupled dominants, which differ only by an azimuthal rotation of π/2 and have equal natural frequencies, are nonlinearly coupled, both directly and through secondary modes. The next three modes imply three most energetically preferable secondary modes. The derived modal system couples them nonlinearly. It can be further implemented for calculating steady-state waves and transients caused be various sway excitation with mean frequency in frequency domain of the lowest tone.
Appendix B
We rewrite Eq. (45) as
where b
The derivatives by x 1 and x 2 and the products of ψ m are
The modal system (23) - (24) is rewritten as follows
The volume conservation is correctly to O( )
; α 2 = x 10 ; α 3 = 1/3, and, therefore,
within 
The components of the vector l (position of the fluid's mass center) are
We have correctly to O( ) 
3 r 1 (r
3 r 1 p 0 (r = 3ρx 10 S 012 ;
The asymptotic expansion of Eq. (25) 
The coefficients a 0 , a 1 , . . . , a 30 from these expressions are determined by the formulas a 0 = 2πρ 
where α = α n + α k ; α i = 0 for n = 0, 1, 1 for n = 2.
We consider Eq. (B4) as the system of linear algebraic equations in Z k (t). 
and other coefficients of Eqs (55) 
